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Abstract 

The theory of cosmological fluctuations assumes that the pre-inflationary state of the universe 
was the quantum vacuum of a scalar field(s) coupled to gravity. The observed cosmic microwave 
background fluctuations are then interpreted as quantum fluctuations. Here we consider alter¬ 
nate interpretations of the classic calculations of scalar and tensor power spectra by replacing the 
Bunch-Davies quantum vacuum with a classical statistical distribution, which may have been the 
consequence of a pre-inflationary process of decoherence as in the quantum cosmology literature. 
Mathematically they are essentially identical calculations. However if one takes the latter inter¬ 
pretation then one might replace the Planck length by for instance the fundamental length scale of 
string theory. In particular this changes the relation between the scale of inflation and the scalar 
power spectrum but leaves the parameter(s) characterizing the bi-spectrum unchanged at leading 
order. Differences will occur however at higher order in the loop expansion. We also discuss the 
relation to theories with low sound speed and/or a period of dissipation during inflation (warm 
inflation). 
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1 Introduction 


The theory of cosmological fluctuation^ is considered to be one of the crowning achievements 
of theoretical cosmology. Given a model for inflationary cosmology this theory enables one to 
calculate the measured scalar and tensor fluctuation spectra. In particular the standard theory 
appears to tell us the absolute value of the scale of inflation. In fact if the value of the ratio of 
tensor to scalar power reported by BICEP2 Q had held up to scrutiny Q, the theory would imply 
that we are effectively looking at energy scales as large as lO^^GeV, a scale that is practically the 
same as the Grand Unification (GUT) scale of particle physics. The latter is only two orders of 
magnitude below the Planck scale - a scale at which quantum gravity effects are necessarily of 
order one. 

However this particular conclusion of the theory depends crucially on the absolute normalization 
of the Fourier modes of the gravitational tensor and scalar field modes. This is fixed by assuming 
that the initial state of the universe just prior to inflation is the quantum vacuum of free quantum 
fields - essentially an inhnite product of harmonic oscillator ground state wave functions, i.e. the 
so-called Bunch-Davies vacuum. This is in effect the same as assuming that the short wave length 
modes are picked from a particular Gaussian distribution which involves h explicitly (see section 
mH. Indeed this is the only occurrence of the quantum of action in the entire theory of Gaussian 
cosmological fluctuations. The starting point of our investigation is simply the observation that the 
standard calculation of power spectra bi-spectra etc., are completely equivalent mathematically 
to computing correlation functions in statistical mechanics with a Gaussian measure and then 
evolving them in time using classical Hamiltonian evolution rather than Heisenberg’s equations. 
In the following we will argue that this is as well motivated a assumption for the physics of the 
initial state of inflation as the standard one, if for example this distribution came about as the 
result of decoherence of some pre-inflat ionary quantum cosmological state or an initial quantum 
string state. 

1.1 Quantum field theory or classical statistical mechanics. 

What is truly peculiar to quantum behavior is a) the quantization of energy E = fvjj and momentum 
p = hk for a wave of angular frequency u and wave number k, b) the quantization of angular 
momentum - especially spin, c) long range correlations of EPR type signaling the entanglement 
of quantum states. These are properties that would be very hard if not impossible to reproduce 
by appealing to classical statistical distributions. None of these crucial properties of quantum 
behavior is however tested in the cosmological observations. 

In view of this, one may ask whether there is a test at least of the relevance of h to the 
calculation. If we start from the interpretation of the initial conhguration as a classical statis¬ 
tical distribution the factor of h may be replaced by some arbitrary factor with the same units. 
Gonsequently the relation between the power spectrum and the scale of inflation will involve an 
undetermined factor. This much of course should be rather obvious and is probably known to 
physicists who have thought about these issues. Then the question is whether there is some mea- 

^See for instance [ 30 ( 3 - 

^For a discussion of the relation of quantum to classical distributions that is in the same spirit as this paper see 

i- 
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surement in observation cosmology that can test (at least) for the occurrence of Planck’s constant 
in the data. 

Moreover the possibility that the initial conhguration is described by a statistical distribution 
determined for instance by string theory, has not been considered hitherto as far as we know. 
What is meant here is not the procedure that has been followed in works such as BSBHini, 
where the initial state is still regarded as a pure quantum mechanical state and the string theory 
effects are just viewed as corrections to the background. Instead we argue that, since the standard 
calculations of the inflaton fluctuations may actually be replaced by an initial conhguration which 
is Gaussian distributed with the width of distribution governed by h, one may consider replacing 
this by some other constant with the same dimensions. For instance if the initial distribution is the 
result of some pre-inhationary process of decoherence of some initial (possibly stringy) pure state, 
which may have been the quantum mechanical state of the multiverse, it is plausible that this 
initial distribution is determined by stringy effects. String theory (unlike quantum held theory) 
has a natural fundamental length scale Ig which may be dehned in terms of the Regge slope a' as 
tl = 271 a'. Together with the gravitational coupling constant we can then dehne (having set 
c = 1) a fundamental unit of action 11 /Note that this is a ratio of two classical constants. Thus 
if string theory is the fundamental theory of the universe, one might consider as an alternative to 
the usual assumption for the initial conhguration, the possibility that it is a Gaussian distribution 
involving this unit of actioij^ rather than h. 


1.2 Quantum cosmology issues and string theory 

In fact it seems unlikely that the standard argument for the initial state of the inhationary cosmol¬ 
ogy being the Bunch Davies vacuum is valid in the context of string theory. Within the context of 
a scalar held theory coupled to gravity, the analysis of quantized perturbations in the inhationary 
background is performed under the assumption that the pre-inhationary primordial state of the 
universe continues to be described by this theory - i.e. all the way back to the initial s ing^ ularity 
at the scale factor a = 0. An argument for the choice of this vacuum has been given in [1^ using 
contour rotation in an imaginary time direction. This essentially corresponds to the choice of the 
Hartle-Hawking “no boundary” proposal for the wave function of the universe which vanishes at 
the origin a = 0. 

There are two issues that need to be considered in connection with this reasoning. Firstly, 
it appears that this wave function (in contrast to the so-called tunneling wave function), has 
very low probability for leading to inflationary dynamics (see for instance (l^). Secondly, and 
more importantly, if the fundamental theory that describes the universe is string theory, then this 
simple picture is unlikely to be the whole story particularly in the pre-inhationary stage. It is far 
more likely to have been some primordial stringy state, and the stage before inhation may have 
been one with a primordial distribution of the decay products of string and Kaluza-Klein states. 
Unfortunately in the absence of a solid theoretical construction of such an initial state, all we can 
do is to parametrize our ignorance with some simple ansatz. Here we choose to pick the initial 
state from a Gaussian statistical distribution. We note that choosing the width of the distribution 

^If the compactification scale is the string scale and the string coupling 5^ = 1, then these two units of action 
may be identified. However if this is the case we are no longer in the weak coupling large volume regime in which 
one is able to analyze the cosmology and phenomenology of string theory. 
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to correspond to the free field theory one gives us the usual story, while choosing it to correspond 
to one that might plausibly arise from string theory, gives us different results which may then be 
compared to the usual ones. 

If the physics of the initial universe is governed by string theory, then there is a further reason 
to think that the sort of conjecture described in the previous paragraph may be reasonable. This 
is because at low energies even at the classical level (i.e. zero string loop level), one expects higher 
derivative {E? etc.) terms in the effective action. These will lead to terms in the effective stress 
tensor that will be larger than those that come from quantum effects in quantum held theory. 
In fact as is well known (and discussed in detail below) semi-classical string theory has a double 
expansion - the a' expansion as well as the semi-classical string loop expansion. It is the latter 
which corresponds to the the standard calculations of QFT in curved backgrounds as discussed 
for instance in the classic text book by Birrell and Davies l3|. The former is a purely stringy 
effect and is usually not considered in cosmological discussions. One of the aims of this paper is 
to discuss the consequences for the theory of cosmological huctuations, of the leading terms in the 
classical string theory a' expansion assuming that this is related to the stringy modihcation of the 
initial state that we described earlier. These as we will see below, are actually larger than the 
terms which may be identihed with the standard QFT calculation. 

To summarize: if one starts with the pre inflationary state as the Bunch-Davies quantum 
vacuum one has to then explain how this led to the statistical distribution that one actually does 
observe. Indeed the process of decoherence may have actually happened before the inflationary 
stage set in, from a primordial state in quantum cosmology (a solution of the Wheeler deWitt 
equation) as discussed for instance in [l^ and the references thereir0. The starting point for the 
usual calculations are then the classical statistical distribution established by this process. But the 
process itself and indeed the original quantum state which then decohered to lead to the statistical 
distribution is irrelevant as far as observational cosmology is concerned. The present paper is thus 
a modest attempt to consider whether one can at least test the particular unit (i.e. K) of action 
that goes into this distribution, for instance distinguishing it from a string theory derived unit. 


1.3 Units 

We work with units where the velocity of light c = 1 (so that a unit of time is equivalent to a 
unit of length T = L) but do not set h = 1 so that we keep independent units of length L and 
mass M. Also as usual we dehne = SttG. Note that [h] = ML and [k^] = M~^L and the 
Planck length Ip dehned by /p = k^H has units of length while the Planck mass Mp dehned by 
Mp = h/n^ has dimensions of mass. In quantum held theory (for instance the standard model 
coupled to gravity treated semi-classically), the Planck length is a derived quantity and is usually 
regarded as a length scale that goes to zero in the classical limit h —> 0. In string theory on the 
other hand there is an independent fundamental length Ig dehned as the scale of the 2D sigma 

^Similar issues have also been discussed in a paper (l6| that appeared after the first version of the present work. 
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mode0. In particular the loop expansion of the gravitational constant will take the form 

where k is the physical (i.e. renormalized) gravitational constant kq is the bare constant and Is 
may be naturally identihed with the string scale in string theory but is an arbitrary short distance 
cutoff in QFT. In the rest of the paper the gravitational constant is taken to be the physical 
constant k. 

Note also that we use the mostly positive metric convention and the Ricci tensor is dehned as 
Rjk = Rjik- 

2 Inflationary fluctuations 

2.1 Review 

Inflationary cosmologj|§ is usually formulated in terms of a theory of a scalar held coupled to 
gravity with the action, 


F = 


— / d‘^x^R + 


Sm = - d^x^{-g^''d,(tkd,ct^ + Vm. 


( 2 ) 

(3) 


Note that [S] = ML, [0] = 

The classical Einstein equation for this system is 

a — k'^T 

2 dSm 


T = 

/if/ — 


- -g^^{dx(t)d 0 + R(0)). 


(4) 

(5) 


Since the system is generally covariant the Einstein equation implies the conservation of the 
stress tensor and when there is only one scalar held it also implies the equation of motion 




( 6 ) 


For an FRW (homogeneous isotropic) backgrounc0 = diagonal(—1, a^(f)(5jj), i,j = 1,2,3; 0 
0(f), we have two independent equations. 


= 


a 2 


H = 


(7) 

( 8 ) 


^Unlike a standard action the string sigma model action has dimensions of rather than ML since the field 
is the coordinate in the ambient space. So the functional integral is defined by introducing a fundamental length 
scale Ig. 

^I’ve followed closely the discussion in the review [l3| in this section. 

^We’ve assumed for simplicity that the three curvature is zero. 
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Inflation reqnires a period of accelerated expansion which leads to the so-called slow roll conditions 


H H 

e = ^l,v = - - < 1- 

2HH 

For the single inflaton case above this translates into conditions on the potential: 


2k 2 t V(4,) ) ^ k2 


a^^v{4>) 1 ( dfVM Y 

V(4,) 2 V V(4.) ) 


( 9 ) 


( 10 ) 


To analyze flnctnations aronnd this background one typically goes to conformal coordinates in 
which the background metric takes the form ds^ = a?{T){—dT‘^ + dx^) taking spatial curvature to 
be zero. The standard procedure is to impose canonical commutation relations on the scalar field 
after writing 0(r, x) = (j){T) -|- x) where the first term is the classical background field. So 
one expands 

h0(r, x) = j d?k{(l)k{T)hke"’^-'^ + h.c.) (11) 

Writing 0fc(r) = a~^{T)uk we have from ([H]) (with X' = in the slow roll approximation, 

ui + {e--)uk = ^. ( 12 ) 

CL 

Now the standard argument is to identify the fluctuation spectrum of 0, with the quantum fluctu¬ 
ations of an essentially free held in the vacuum state. Observing that for ^ one has in effect 
plane waves, and the physics is that of Minkowski space, so one can follow the standard procedure 
for hat space quantization. 

The scalar held is taken to be canonically quantized i.e. [4>{x, r), 7i{y, r)] = ihd^{x — y), with 
the other two commutators vanishing. If the solutions to fll2p are normalized with the usual 
Klein-Gordon norm (i.e. u^u* — u\u'^ = i) then the operators satisfy the relations 

[bk,bl] = h6%k-k'), 


with the other commutators vanishing. It is convenient to dehne now the scalar power spectrum 
although this is not what is physically relevant (i.e. related to the temperature huctuations). This 
is dehned as 

P{k,T) = —\Mr)\^ (13) 

in terms of which the autocorrelation function of the scalar field fluctuation (in a spatially trans¬ 
lational invariant background) is 


< 4>ir,x)4){T,y) >= 



sin k\x — y 
k\x — y\ 


(14) 


The power spectrum of the scalar curvature fluctuation which is related to the measured temper¬ 
ature fluctuation) is then given as (with N being the number of e-foldings regarded as a function 
of (j) with dN = Hdt) 



( 15 ) 
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Note that this is independent of the normalization of 0 as it should be, since it is directly related 
to a measurable physical effect. 

For short wave lengths /cr ^ 1 as in the above discussion the normalized solution (consistent 
with the Lorentz invariant plane wave solution for cj)) to flT^ is Uk = \/^ and 


P{k,T) = 


h 


h k'^ 


47r2 a2(r) 


(16) 


For constant e it is possible to find the exact solutions to (IT^ and the solution that asymptotes 
to the Minkowski solution for short wave lengths is 


Mt) = 


(17) 


where is the Hankie function of the first kind and 

3-e 


u = 


2 ( 1 - 6 )- 

In the long wave length limit we have 

For the exactly deSitter case (e = 0) 


a{T)H{l-e) 


P(fc.r)=fi(k) 


(18) 


(19) 


There is a similar formula for the tensor power spectrum. Defining the tensor fluctuations 
around the FRW background as 


5gij = a hij = a {h+ej^ + h_e^,), hx{k) = 


£xP'^-^hxix). 


-'ijj 


(2t) 


Here e^-, A = +,x is the polarization 3-tensor satisfying 

= + — P \ _ 


4j = = 0, eu = 0, e^^.(-fc) = e^jiky 

= -t. 


( 20 ) 


( 21 ) 

( 22 ) 


From the Einstein action we then have in the Gaussian approximation the action for the tensor 
fluctuations 


A^ = 


2^2 / V5'(o)5'(o) 2 k^tJ-kijdyhij 


(23) 


This is essentially a sum of four free scalar fields so that defining Vk = in analogy 

with (ITT]) (and the line below it) we have for the power spectrum in tensors, 




f H\ 




\271 J \aH 


-2t 


7 


(24) 









From ffT^ and the above we have 


Pt, 

r = —\k=nH = 16e = -877,7 


P 


n 


where we’ve parametrized Pt oc 


(25) 


2.2 Quantum effects in the stress tensor 

In this snbsection it will convenient to nse natnral nnits c = h = 1. 

The energy density gets a contribntion from the inflaton qnantnm flnctnations: 

< 0 | T *|0 >= a-\T) < 0 | r * |0 >= ( 26 ) 

There is also a contribntion from graviton flnctnations: 

< o|r‘|o >= 8 < o|r* |o > . 


The qnantnm energy density may be written as a snm of three terms in the different wave length 
regimes. 


< 0|Too|0 >— 


dk 


+ 


dk k^ 


k Jkja=aH k a^ir) 


■P{k) + 


rkjn=aH dk k‘^ 


k a^ir) 


P{k). (27) 


The last term above jnst gives a contribntion (assnming exact deSitter e = 0 for simplicity) 
corresponding to the Gibbons-Hawking temperatnre: 


< Too >IR= 


47r2 f H 

~Y 


= 2vr2Tl^ 


(28) 


and is negligible compared to the classical energy dnring inflation < Too >//?« ~ G(0) 

since we mnst necessarily have H -C Mp for the validity of the EFT. 

The contribntion in the deep UV however is as nsnal divergent. To evalnate it we impose a 
cntoff at some comoving scale kpv and evalnate the short distance contribntion from k^ ^ a /a 
by nsing the Minkowski (BD vacnnm) modes (j)k = a~^Uk = 


< 0|T(^|0 >uv— 


d^k 2k‘^ 


^uv 


k 


{phy )4 

UV 


2a? 


(27r)^ 2k IbTT^a^ Ibvr^ 


(29) 


This mnst necessarily be smaller than the classical potential energy density at the onset of inflation 
for the validity of inflationary cosmologjl^ so that 


kfjy < 192 tt‘^H^MI 


(30) 


®The constraints coming from this for different inflationary scenarios and how they can be mitigated in super- 
symmetric scenarios will be discussed in a separate publication [? ]. 











In a supersymmetric theory on the other hand this quartic divergence will be absent and (for 
SUSY broken at a gravitino mass scale 777 . 3/2 we have instead of flHOl) the relation 

kly < 1927r2^-M|,. (31) 

"^3/2 

On the other hand at late times (i.e. after many e-folds of inflation), the UV contribution 
(assuming a hxed physical cutoff at the onset of inflation), will have been inflated away and only 
the last contribution in fl27)) will survive. It is this that will be compared with the string theory 
contribution below. 


3 String theory expansion 

In this section we revert back to units in which c = 1 but h is not set equal to unity. 

In quantum held theory the perturbative expansion is an expansion in the number of loops with 
h serving as a loop counting parameter. The quantum effective (IPI) action has the expansion, 

CX) 

r(7/^„ 0, h) = T, + hTi + h^V2 + ..- = Y. ^'^7, To = (32) 

1=0 


S being the classical action. 

In perturbative string theory jl8| 1^| each loop order is dehned through the functional integral 
Z = J[dX] exp{—/} over the embedding coordinates X{a) dehning the world sheet in the ambient 
space, weighted by the sigma model (dimensionless) action 


/ = 


d'^a^r'’daX^dtX^g,,{X) + 


27ra' 


The /th loop order is dehned by the action on a Riemann surface of genus I and a' is the squared 
string length so that [a'] = L^. The loop counting parameter here is the string coupling Qg. 
Although there is no non-perturbative background independent formulation of string theory valid 
at arbitrarily high scales, one can still construct a low energy ehective action. 

However in order to get low energy four-dimensional physics we need to compactify string 
theory on an internal manifold. For the purpose of discussing inhation in four dimensions we 
assume that the volume of this manifold is hxed at a value V in string units (i.e. the physical 
volume is V(27r\/a')®). Then we have the following standard relations between the four dimensional 
gravitational coupling k, Planck’s constant h and the string theory parameters - namely: 



27ra' 



(33) 


It is important to note that both and = 27ra' are classical parameters. So the semi-classical 
expansion in h is equivalent (in string theory) to the expansion in terms of the squared string 
coupling Qg. Of course the validity of this expansion requires that the dilaton has been stabilized 
such that Qg < 1. 
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Now the long distance quantum effective action coming from string theory has a double expan¬ 
sion dehned as follows. We have the (quantum) semi-classical expansion as before, i.e. we again 
have ((32]), but now the expansion is in terms of so we have 

CX) 

0, S'*) = Fq + g^Ti + gsT2 (34) 

1=0 

Each term in this expansion is given at long distances (compared to the string scale Ig) as an 
expansion in powers of 1“^. Thus we may write schematically (keeping only pure metric dependent 
terms at higher orders), 

F; = J d‘^Xy/g[6io{R + Cm) + 1‘li.R)^ + ^s(-R)f + • • •] (35) 

In the above Cm is the classical matter lagrangian and the notation (i?)" represents all possible 
contractions of curvatures and covariant derivatives to yield terms with 2n derivatives of the 
metric, with dimensionless loop order dependent coefficients (some of which may be zero), that 
are determined once the string theory data are given. 

The gravitational equation of motion coming from (l34|) dT/dgny = 0, then takes the form (after 
moving all string/quantum corrections to the RHS of the equation), 

R,,u - ^Of^uR = 1^‘^T^u- (36) 

Here the RHS is the effective stress-energy tensor coming from the full quantum theory and is 
given by the double inhnite series, 

>= -\- /^(i?^)^j^(cQ -|- C 2 y 2/3 -|- ...) -|- 0 (^s) classical 

^ + •••) + ~ loop (37) 

+2 — loop -|- .... 

The first line represents the classical contributions to the stress tensor including all classical string 
corrections. Note however that Cq 7 ^ 0 only for type I and Heterotic strings. For type H strings 
Cq = 0 and the leading classical term is the C 2 terrrl^. The second line is the leading quantum 
correction 0{h) and so on. The subscripts on the c’s is half the number of derivatives in the 
six compact space directions in the original lOD action, from which the corresponding 4D term 
is extracted. The powers of V come from the contractions in the internal directions which scale 
like g''^ = where ^ is a hducial metric normalized such that the volume of the internal 

space is (27r)®a'^. Correspondingly we expect the internal curvature in the hatted metric to be 
The superscripts on the c’s give the loop order. In principle given a string theory and its 
compactihcation data these coefficients are determined. 

®This comes from a term in the lOD long distance effective action. 
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4 Comparison with cosmological calculation 


The standard expressions for the scalar and tensor curvature fluctuation are 

(HV _gy, (HV _ gy. 


TV 


(38) 


where in the second equalities in each of the above we have reexpressed in terms of the string 
coupling and length scale using (|33]). The corresponding contribution to the stress tensor is given 
by (see (l28|) i 

< Too >~ 2 , (39) 

and can only come from the hrst term in the second line of (l37D and is therefore equivalent to 
a one-loop string effect. However as discussed in the previous subsection, string theory may also 
have somewhat larger contributions corresponding to some of the terms in the hrst (classical) line 
of (137p as well the leading term in the second line. In fact the hrst term in the hrst line would be 
larger than fl39|) by a factor V/gl . However it should be emphasized that this term is present (i.e. 
Cq 7 ^ 0 in fl37p i only for type I or Heterotic strings where the volume cannot be larger than about 
a factor of 20 so this is only a factor >10. In type H strings on the other hand the volume could 
be much larger V > 10^. In this case the leading classical term in (|37)) is the term and gives a 
contribution which is a factor /g1 S> 10 larger than (13^ . 

To understand where such a contribution might come from in the context of the usual argu¬ 
ments, we should revisit the assumptions for inflationary initial conditions. 

Suppose that the initial value (at r ^ Tq S> k~^ for all relevant comoving scales k) of the held 
0 is Gaussian distributed with a probability density 


p{(l))dcl) = limT-^T-o 6xp 


f d?x I d^y(j){x,T)K{x,y,T)(j){y,T) 


d(j) = 


(40) 


All initial correlation functions are then given in terms of the two point function and are computed 
from the generating formula 

< >= (41) 


Here K ^.K = J d^yK ^{x,y)K{y, z) 


6^{{x — z) and initial two point function is given by 


< ^(x,-co)^(y,-co) >= K '(x, j/;-oo). 


(42) 


Now the crucial assumption of the theory of cosmological huctuations is that the initial probability 
distribution is the same as that corresponding to a initial quantum mechanical state given by the 
free held (harmonic oscillator) vacuum. This corresponds to choosing (after setting a(r = Tq) = 1 
for convenience) 


h h J (27r)^ 

Then we have from fl42|) for the initial value of the two point function 


(43) 


< 0(a;,ro)0(y,ro) >= h 


d^k 

(27r)3 2fc 


h 


dk k^ 1 smk\x — y 
k 2 ti‘^ 2k k\x — y\ 


(44) 
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This in fact is the initial valne of the standard calculation (see flMl) and flT^ ) which gives 


< (j){x,T)(l){y,T) >= 



dk 

k 27r2 


\Mr)\^ 


sin k\x — y 
k\x — y\ 


when the limit r —?■ Tq is taken since 0fc(r) ^ (recall that we set a{T = Tq) = 1). The 

point is that the dependence on h and hence the supposed quantum nature of the cosmological 
perturbations, just comes from the normalization derived from the assumption that the initial dis¬ 
tribution of short wave length fluctuations is given by the product of quantum harmonic oscillator 
ground state wave functions. 

It would be nice to have some criterion for actually testing this hypothesis. But in any case we 
should entertain also the possibility that the initial state of inflation is simply a classical statistical 
distribution given by flTU]) . In fact using fllll) the probability distribution flTUD becomes (after using 
fin]) and averaging over the initial time Tq (with |/cro| S> 1) so as to get rid of the oscillatory pieces, 


(45) 

q p 


p{(j))d4> = exp ( — 


h 


The usual free quantum field theory calculation is thus completely equivalent to the above classical 
distribution which gives 0 


< bkbl >= hS^{k - q), < bkbq >=< bib* >= 0 . 


(46) 


Here we will consider the consequences of assuming that the initial distribution is defined by 
replacing the quantum unit of action h in (IT3|) by some other unit of action A. Now in classical 
physics there is no fundamental unit of action but in string theory one can define such a unit. 


A = — 
..- 2 ’ 




(47) 


where /<, is the string scale defined after In this case the initial probability distribution is 

given again by fl40l) . but now with the kernel being given by 


r (fk 

-A~1^J (^ 




(48) 


corresponding to having the correlator < 6^6* >= ^6^{k — q). Equation flTT]) (with flT^ j 
replaced by 


IS 


/2 r ijU U3 

<c^{x,r)c^iy,r) >= 


, sin k\x — y\ 
k\x — y\ 

and the scalar held power spectrum (for simplicity we take e = 0) becomes, 

™=s(a’ 


(49) 


^"Note that [6fe] = 

l2 2 

^^Recall that the standard normalization corresponds to setting A = h = 
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The physical power spectra for scalar curvature and tensor fluctuations is now, 


p — 

J 7? — - 

2 e 




16e. 


( 50 ) 


These power spectra are a factor V/g'^ larger than the standard values quoted in fl38l) . Corre¬ 
spondingly a given observed power spectrum will imply a lower scale of inflation (by a factor 
Qg/V) compared to the standard result. Also this power spectrum corresponds to a contribution 
to the stress tensor at late times that is of the same order as the leading string correction in line 
one of (|371l . 

Thus the initial conditions with h replaced by the unit of action (H7|) seems to correspond to the 
situation that one might obtain in Heterotic and type I string theories where the coefficient Cq 7 ^ 0. 
On the other hand if the string theory is type II then this coefficient is zero and the leading term 
is 0 (/^/V 3 ). This would correspond to an initial distribution with a kernel whose normalization 
factor is given by ^ rather than (IT7D . In this case the power spectra become, 


p 

^ 2eV2/3 \ 2 p ) ’ 




(51) 


Going back to natural units h = 1 for simplicity, the bound on the cutoff fl3Tl) becomes 

kfjy < 1927r2^-^M|,, (52) 

"^ 3/2 

for the Heterotic case (i.e. with A = 1‘^/lp), and 

_ ll ff2 

I, (53) 


kly < 

li m 


“s ''"3/2 


for the HB case with A = In a string theory set up one expects the kpv 

giving the mild constraints 


V > 

V > 


1 

(1927r2r?2)3’ 


Heterotic, 


1 

(1927r2^2)l/3’ 


HB. 


Mkk = 


The modified scalar curvature and tensor power spectra imply corresponding contributions to the 
stress tensor from higher derivative terms. In particular they would imply the second term on the 
first line of fl37)) . As discussed before these classical string contributions to the stress tensor would 
be larger than the quantum effects of the standard contribution, and from a string theory stand 
point perhaps justify the alternative initial state suggested in fITSD . 

We also point out that the quantum corrections to the stress tensor at late times implied by the 
usual assumptions for the initial state, are consistent with the string theory arguments discussed 
above, only if the classical stringy corrections (the terms) in the expansion for the effective 
stress tensor (l37j) are all absent. This is generically not the case in string theory though it is 
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not inconceivable that there may be compactifications that have this property. Now one may ask 
why one shonld choose the precise formnla fH71) as replacement for h in fH6l) and hence in (09]). 
Obvionsly any numerical multiple (say A —)■ a A) will have the same dimensions and the relations 
fl50|) will get multiplied by a. This just reflects the fact that at the classical level there is no reason 
to prefer one value of the unit of action over another. However from a string theory point of view 
this ambiguity is hxed for a given compactihed string theory. As we saw at the end of the last 
section even the order of magnitude of the normalization factor will change depending on the type 
of string theory that is being considered. In the classical a' expansion terms in the hrst line of 
(l37|) . once a particular string theory and its compactihcation data are given, the coefficients of the 
curvature squared terms are determined. This in turn hxes the ambiguity in the value of a. 


5 Effective Field Theory of Inflation 

As we’ve discussed above if the initial conhguration is governed by a Gaussian fluctuation spectrum 
that is hxed in terms of say the string scale rather than the Planck scale there would be a signihcant 
difference in what the scale of inhation is for a given tensor to scalar ratio r. Thus from (l50|) we 
have (we use natural units in this section), 

IT 

Heterotic/Type I 

P2 = 87r2p^6M2v2/3 = 87r2p;,T^, Typell 
which implies that the scale of the inhationary potential is (using the approximate Friedman 


equation ~ V/ZMp and the observed value P/^ ~ 10 ®), 


1/1/4 

= (15r)^/'^-v/¥l0 Heterotic/Type I 

(54) 

yl/4 

- (15r)i/^\/^10 

(55) 

The standard result is 

1/1/4 (l5r)^/^v^lO"2Mp. 

(56) 


So if we replace the variance of the statistical distribution corresponding to the standard result 
in the manner discussed above, the scale of the potential can be signihcantly lower for large 
compactihcation volumes - at least in the heterotic case. 

On the other hand in bottom up approaches to inhationary huctuations it appears possible to 
have a small speed of sound that will also result in a signihcantly diherent relation between the 
scalar spectrum and the scale of inhation. We would like in the following to compare and contrast 
the two cases below. We will also discuss situations in which there are signihcant dissipative ehects 
during inhation i. e. the “warm inhation” scenario. 


5.1 Bottom up construction and observational consequences 


An ehective held theory for inhationary perturbations has been developed in 20, l2lj. This was 


constructed by using the symmetries of the theory around an approximately de Sitter background. 
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The theory is first constructed in a unitary gauge where the time coordinate is chosen so that the 
fluctuations of the inflation 6(j){x,t) = 0. Then the so-called Stueckelberg trick is used to restore 
time diffeomorphisni invariance by introducing the Goldstone boson tt through the replacement 
t t-|-7r(x, t), with the transformation 7r(x, t) — )■ 7r(x, f) — ,^°(x, t) under temporal diffeomorphisms 
t ^ t + ,^°(x, f), X ^ X. This leads to the following effective Lagrangian density (for details see 
the above references): 

C = \MlR +eM^H^ (^tt^ - 

+M4^(167r^ + (57) 


+ 2 M 2 ( TT^ TT^ - TT—((9i7r)‘ 


The ellipses within parenthesis represent terms with at least two spatial derivatives while the 
ellipses at the end are terms starting with tt®. Note that this effective Lagrangian is expected to 
be valid @ in the energy range -Emix <C -E <C A where typically Emix ~ gH is the mixing scale 
below which mixing with gravity cannot be ignored, and A given by 

A^ = (58) 

1 -cf 

is the UV cutoff. This is determined by finding the scale at which the theory violates unitarity (or 
by calculating the scale at which the theory becomes strongly coupled). Cg is the speed of sound - 
defined by 

2M^ = {cf - l)eMlH^. (59) 

The Power spectrum in such a theory is given by 


Pn = 





(60) 


Let us note now that the magnitude of the scalar power spectrum ~ 10 ® and the requirement 
that the validity of the effective theory implies H A gives the lower bound 

Cg > ~ 0.003. (61) 


In a theory with a small Cg close to the above lower bound, the scalar power spectrum computed 
with the usual quantum vacuum gives a relation between the scalar power spectrum and the scale 
of inflation which is similar to the expression that one gets with a theory in which ~ 1 but the 
initial configuration is a statistical distribution governed by Ig rather than Ip (see eqn (I50)) L In fact 
if Cg ~ I'p/l'i the two expressions would be identical and for a given scale of inflation and e will have 
identical power spectra. However contrary to eqn (l50D . in theories with low Cg the tensor spectrum 
is unaltered. Thus the usual relation between the scale of inflation and r will be unaltered from 

dSHD- 

is convenient to use natural units in this section. 
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5.1.1 Dissipative effects 


Some authors j^, have proposed a scenario (“warm inflation”) in which the inflaton field 

during the slow roll phase is coupled to another sector (a heat bath) to which it loses energy and 
the fluctuations are effectively due to classical thermal effects - the system has lost its memory of 
the BD quantum vacuum The dissipation is characterized by an energy scale 7 S> ih and a heat 
bath at a temperature T ~ if. The power spectrum (|60l) is then 


P-R.= 


f V^T \ ll 

V cim ) 2ecs 


(hV_ ll 

[271 -"” 2 ec . 


© 


The first factor in parenthesis is that by which the power spectrum is enhanced over and above 
the result fl60|) in the absence of dissipation. The tensor spectrum is unchanged. 

Suppose now that we focus on a class of inflationary models such as the Starobinsky model and 
closely related (“Starobinsky like”) ones in which r is (perhaps) unobservable small. In this case 
with e ~ 1/iV^ where N is the number of e-folds of inflationary expansion. Typically in the more 
realistic sy tring theoretic models such as hbre inflation j^, this is around 60 and e ~ 10“^. Small 
values of Cg not that far from the lower bound above would then give a scale for the potential that 
could not be distinguished from (150]) with V ~ c~^. On the other hand even if < 1 but thermal 
effects are large (i.e. 7 3 > H), then we will again get a situation that is similar to the one without 
such effects but with a modified initial conhguration. In other words a low sound speed and or 
large thermal effects could not be distinguished from a initial statistical distribution (with < 1 
and no dissipation during inflation) if only the scalar power spectrum is known. 


5.2 Top down issues - identification of the cutoff. 

While it is possible to hnd the scale at which a given EFT breaks down (as in the above discussion) 
here we would like to identify the physics above the cut off scale A. In principle this should enable 
us to identify the arbitrary parameters Mf in the above EFT. Here we will assume that that the 
UV physics is described by string theory. 

However in order to perform this matching one needs precise expressions coming from string 
theory for the higher order operators in the EFT. This may be possible in principle but in practice 
it is still a daunting task and of course is also subject to the choice of compactihcation data etc. 
Nevertheless the assumption that the UV theory is (compactihed) string theory will as we shall 
give some useful constraints on the constants of the EFT. In effect what we will do is to discuss a 
toy model with higher dimension operators that may plausibly come from string theory. In other 
words we would like to compare the EFT of the previous subsection with an EFT that (up to the 
above caveats) may be identified with a string theoretic low energy action. 

We consider a model of the formic 

7172 r r 

+•••) + / d^x^{P{X, 0 ) + ..., (62) 

with X = and P is taken to be an arbitrary smooth function of X and the inflaton 

0 such that to leading order in an expansion in X, P{X) ~ JA -|- V{4>) + 0{X‘^). The hrst set of 

^^The DBI inflation model (for a review with a discussion of possible problems in realizing such a model from 
string theory see Hi) would be a special case of this. 
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ellipses represent higher curvature terms and the second set involves higher (than first) derivatives 
of the fields, which in general will be present in a string theoretic model. In addition of course 
there will be other light fields (after integrating out string modes and KK modes), but we will 
assume that there is some string theoretic set up which results in single field inflation, and that all 
these complications are not relevant as far as comparison with the EFT of inflation is concerned. 

In any case our focus is just on identifying the physical cut off that a string theoretic model 
would require. Ignoring these additional terms one gets the class of models studied in j27l|^4 Our 
only point here is that the relevant scale of this theory should be identihed with the KK (or string) 
scale of string theory if this sort of model is to make any sense at all. Comparing with the EFT 
studied in the previous section will lead us to identify the cut off and hence the sound speed and 
the other arbitrary parameters of that discussion. 

The stress tensor of this theory is given by the perfect fluid form with the energy density 

E = 2XP,x —P and pressure identified as P and the speed of “sound” Cg in the system is given by 

2 _ dP _ P,x 

P,x +2XP,xx 

The relevant equations of motion are 

= E (63) 

E + ?,H{E + P) = 0 (64) 


The last can be replaced by the equivalent form 

2XP,x = E + P = -2Mj,H = 2eMlH‘^. (65) 

In the flat FRW metric we have the solution X = Xq = ^(f>Q with in particular XqP,x |o = eMpH^. 
Suppose the scale of the theory is A. This is to be identified with the mass of the lowest mass 
state (lowest KK/string state) that has been integrated out. Thus we will write 

x = ^J=^,P = A^P{xJ) ( 66 ) 

Introducing a fluctuation 6x around a background homogeneous solution of the equations of 
motion 0o = we 

71-2 X 

X = Xo{t) + 2xo(t)(7f + X^), 71 = (50/00, x^ = - -a (67) 

may write the Taylor expansion around xq in a power series in 5x, after rearranging in terms 
powers of dii (and rewriting P ^ P for convenience). 


P{x) = P{xo) + 2xoP'{xo)7r + 2xoP'{xo) ( + 


2XoP''{Xo) TT^ 

P'ixo) 2 


^'^Some aspects of the comparison of this model with the EFT are discussed in Appendix A of [^. However they 
do not discuss the general expectation for the cosmological EFT coefficients from a top down point of view. 


17 









The ellipses represent in addition to qnintic and higher powers in Oti also terms with at least one 
non-derivative factor tt as well as terms with more than one derivative acting on tt, which for the 
pnrpose of comparison with fl571) we ignore. Using fl65l) to put 


XoPixa) 




( 68 ) 


gives us the expansion 


P{x) = P{xo)+ 2X71+ 2\[c^'^'^-]^a 


-2 -w-v I /-a 


+2A(c; - 1)«, + -A 


(tt -1- StT Xtj -1- ...) 


2 'a P(")(xo) 

3 ' {P'{xo)Y' 


+ N A -|- 


(69) 


Comparing with (l57)) we identify 


Ml 


(c 


- l)-eM 




= AA^ 


P 

J - n 


-A^A^ 


JDfff 




TDfff 

-^0 


= eMlH^ 




Ml = X^eMlH"^ 


P 


(4) 




(70) 

(71) 


Note that fTfUl) implies that a very small speed of sound {cg 1) requires an anomalously large 

ratio 7 ^^ 1. For the above expansion to make sense the parameter A must be small and the 

generic ratioPQ”^/(PQ)’^ should not be anomalously large or small. These numbers are expected 
to be 0(1). Of course this does not preclude one or more coefficients being anomalously large 
of small. However from a microscopic point of view such an anomalous coefficient needs to be 
justified! 

Now we can identify the cutoff A - the scale at which that EFT violates unitarity (155]) with the 
top down scale of our string theoretic model. This gives A“^ = The requirement A < 1 

then leads to the lower limit on the sound speed, Cg > 0.36. 

As we saw at the end of the previous subsection, purely from the low energy EFT point of 
view (see eqn (l58l) ) one can have extremely small values of Cg provided the validity of the theory 
is lowered correspondingly, and conversely if one takes Cg arbitrarily close to one, the cutoff can 
be taken arbitrarily large. However as we have seen, from the top down point of view, the cutoff 
cannot be made smaller than eMpPI^ without violating the expansion in powers of dir on which 
the EFT is based. From the top down point of view the arbitrary coefficients in the EFT of 
the previous subsection must generically become systematically smaller - even if some of them may 
be anomalously large. 

Furthermore in a complete 4D EFT description (including the reheating phase) the energy 
density in inflation (i.e. the height of the potential) must be restricted by the UV scale - i.e. the 
lowest scale of the UV theory that has been integrated out. This is because most of this energy 
density will get converted to kinetic energy at the end of inflation, and the latter is necessarily 
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bounded by for example the KK scale in string theory. So we need to have also MpH^ < A"^. This 
then gives from (j58l) a stronger bound on Cg namely 

5 1 ~ 1 

® IbTT^e IbTT^e’ 

where the last relation is valid for small Cg. 

Of course there may be special cases where due to some symmetry there is a relation between 
the coefficients The only known example of this is DBI inflation . This corresponds (in our 

notation (l66|) with P ^ P) to having P = 1 — /(0)x), so that 


XqPq = 

-xo{l - fxo) = A 

(72) 

= 

- 1) = 

(73) 

= 


(74) 


Again for the expansions (I57|)fl6^ to be valid clearly — 1 and we can have small 

sound speed 1 ::§> c* S> \/A. Of course in this case one is supposed to have an exact expression 
for the inhnite sum. The former can be valid for arbitrarily small Cg the only restriction being 
fxo = A(c“^ — 1)/(1 + A(c7 ^ — 1)) < 1 which translates to Cg < 1. Clearly this is a very special 
situation. 

5.2.1 General expectations for EFT coefficients 

Abstracting from the above discussion, we expect in an effective field theory of single field inflation 
where the cutoff is set by some UV complete theory such as string theory, the following form for 
the Lagrangian. 


1 \ 

7r—{di7if I + ^ a„A""^(7r” + + ...) 

^ Jo 

n=3 J 

(75) 

The last line represents terms with at least one non-derivative factor. Note that for a given order 
in the derivative expansion the terms with non-derivative factors are suppressed by at least one 
power of the slow roll parameter - i.e. bn ~ 0{e). The main point of the above however is that 
unlike what emerges from a purely bottom up discussion 0 the top-down approach tells us that 
the higher point functions in the interaction are generically suppressed systematically by powers 
of A. Thus unless one or more of the coefficients a„ is unnaturally large, one would not expect for 

^®See for example the discussion of the four point function in ( 28 | . 


c 


= ^Mj,R + X 




+eMlHyJ2^n>^'"~^H7r{d7ry-^ + 

72=3 
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instance the fonr point fnnction (governed by M|) to be large if, as is the case observationally, the 
three point fnnction is small. In the absence of some argnment in the microscopic theory for 04 to 
be large, one shonld not assnme it to be the case. 

What this means is that the observational constraints on the three point fnnction will imply 
that the fonr and higher point fnnctions will be smaller by powers of A compared to the three point 
fnnction. In the next section we will compare the resnlts for higher point point fnnctions when 
initial conditions are changed as was discnssed in previons sections in this paper, and compare 
it to what is expected from the standard initial conditions applied to sitnations with very small 
speed of sonnd and or signihcant dissipation effects dnring inflation. 

6 Higher point functions and quantum vs classical evolution 

As discnssed above (and shown in more detail in Appendix I) the only thing “qnantnm” abont the 
nsnal calcnlation is the nse of the nnit of action h in the normalization of the two point fnnction. 
Now we will address the qnestion of whether the replacement of Planck’s nnit of action by some 
other nnit A will give rise to observable consequences - for instance in the Bispectrum, Trispectrum 
or higher point functions (for a review see ( 2 q). As discussed in detail in the appendix the only 
possible occurrence of the unit of action is in the expression for the Wick contraction (the two 
point function). 

The expectation value of the observable A{t), a product of held operators at the time t, is given 
by evaluating 

<A{t)>= (76) 

where as discussed in the Appendix the factor A[b, b*-,t] which is usually evaluated using quantum 
operator equations of motion, can be equally well evaluated (in terms of its initial value) by using 
the classical evolution equation (llUUp or dlUip . This evolution does not give rise to any factors of 
h. All such factors come from the correlators 

<bkb*^>=n5\k-q). (77) 

Let us now use the notation explained in the Appendix where we write for a held (for i = 1,..., n) 
or its conjugate variable (for i = n + 1,..., 2n). The interaction Hamiltonian (in the interaction 
picture) is then at least cubic in the interaction picture helds z\ which obey free held equations 
of motion and can be expressed in terms of the classical solution to the free held equations and 
the fefc’s. Suppose that we wish to compute flT^P for an n-point function at equal times, A = A„. 
Consider the Nth term of the expression for An[b, b*] in equation (llOip of Appendix I, namely 

rt pti rtN-l 

dti ... dtj^ [Hf ■ -[^y Anj{t)], . . .]] 

J to J to J to 

~ An+N,I + • • • , 

since each commutator removes one factor of zj from An and one factor from Hj and adds two 
factors oi z. Hj in general has higher than third order terms in 2 ; and the ellipses represent terms 
which have more factors of z. However as we discussed in detail in the previous section these are 
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suppressed by powers of A = where A is the UV cutoff which in string theory is the 

KK scale (if not the string scale). So let us ignore them, althongh of course in evalnating the 
higher point functions they will be needed since they could become competitive with loop terms 
involving lower order interactions. Then for n = 2r + 1, the only non-vanishing terms have N odd. 
Writing N = 2M + 1, the factor of h coming from evaluating the integral on the RHS of fl76|) is 
f^{n+N )/2 _ j^r+M+ 1 ^ Similarly for n = 2s the non-vanishing terms are proportional to where 
N = 2P. Thus we have 

< A.2r+l{t) ~ Cb^2^ P . . . + CLrM^^ -|- . . .) 

< ^2s{t) > ~ fi^{bso + bsih bspbF -|- . . .) (79) 

Note that for connected correlation functions some of the leading terms above are absent. For 
instance the connected four point fnnction has the expansion 

< Ai{t) >c~ h^{b 2 lh ^ 22 ^.^ -|- . . .) 

provided of course the 2 ;^ term in Hi is suppressed. On the other hand the quartic term in Hi 
may need to be retained if though suppressed relative to the cubic term, it is competitive with the 
one-loop ( 621 ) term. Also the two point fnnction and hence the power spectrum has the expansion. 


P ~ h{biQ + biih ...). 


In particular this implies that 


Inl 


9nl 


< Asit) > 
P\t) 

~ dll 0(^^) 

(80) 

< A >c 

~ b2i + hb22 + O(h^) 

(81) 

p^(t) 


Let us now replace the “quantum distribution” (i.e. effectively the classical distribntion that is 
equivalent to the standard Bnnch-Davies vacuum distribution), by some classical distribution i.e. 
h ^ A {= /g/K^for instance) as discussed earlier. What we see from the above is that while the 
leading (tree level) terms are nnaffected, the higher order (loop) effects are changed by factors of 
A/h which in the case of A = can be qnite large for large volume string compactihcations. 
Thus in principle at least a classical distribution with a signihcantly different nnit of action (snch 
as that coming from classical string theory) can be distinguished from the “quantum” one with the 
unit of action h. However as we’ve argued, this by itself does not test uniquely quantum features 
of quantum mechanics (as opposed to classical distributions governed by the same unit of action). 

The above situation should be contrasted with that obtained with the usual initial conditions 
bnt with Cs 1 and/or significant dissipation during inflation 'y ^ H. In this case it has been 


estimated that 24 


r _ < ^ 3 {t) > 

JNL = 


7 


> 1 . 


(82) 


p2(t) ciH 

The current observational constraints on non-Gaussianities implies that UnlI ^ 0(10). Thus very 
low sound speed and signihcant dissipation appears to be ruled out. On the other hand replacing 
an initial Gaussian distribution governed by /p by one that is governed by Ig (with c<j < 1, 7 < H) 
will not change the leading order contribution to the bi- or the tri-spectrum. 
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7 Conclusions 


In this paper we have argued that the usual quantum held theory calculation of comological corre¬ 
lation functions is competely equivalent to calculating these functions using a Gaussian statistical 
distribution governed by the kernel fH3D . This may have been the result of a stage prior to the 
onset of inhation such a state of quantum (stringy) cosmology but knowledge of that is not rele¬ 
vant to the mathematics of the derivation of inhationary huctuations. We have then explored the 
consequences of replacing h in the initial statistical distribution by some other unit of action A. 
In particular we discussed the consequences of identifying A with a natural unit of action coming 
from string theory and involving only classical (but string theoretic) parameters. We noted how 
this could be consistent with the usual double expansion of low energy string theory - namely the 
a' expansion and the string loop expansion. One consequence of this replacement is to change the 
relationship between the power spectra and the height of the inhaton potential. We then discussed 
in some detail alternative scenarios in which such a difference would occur - namely situations with 
low speed of sound and/or a phase of warm inflation. These were shown to be clearly different 
from the type of change in the initial conhguration that we have discussed here. 

We also noted that the difference between the standard prescription for calculating the higher 
point functions and any other distribution that is signihcantly different (i.e. with A/h either 1 
or ^ 1 as in the classical string theory case), will emerge at higher orders in the loop corrections. 
The point is that what is being tested in observations of the power spectrum and higher point 
spectra, is a statistical distribution of decohered trajectories. In other words there is no need 
at all to think of the initial state for inflation as a pure quantum mechanical state. The entire 
discussion of “quantum fluctuations” can be rephrased in terms of a decohered initial state with 
a certain statistical weight. Whether or not that weight corresponds to that arising from a pre¬ 
inflationary quantum state of a simple QFT (which decohered before the onset of inflation), rather 
than some distribution which is of stringy origin, cannot be dehnitively established with current 
(or foreseeable future) measurements. However distributions with values of A that are signihcantly 
larger than h (such as one that may arise from a large volume compactihcation of string theory), 
may possibly be ruled out by future observations of non-Gaussianity. 
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Appendix 1 Quantum and Classical Hamiltonian evolution 

Let us write the canonical dynamical variables i = 1,... ,n as 

z\t) = q\i = l,...,n 

= pi-n,i = n+l,...,2n. 

Here we’ve used hats to denote quantum operators satisfying the canonical equal time commutation 
relations which in this notation read 


z^{t)] = ihX\ 


(83) 


where 


J = 


0 I 
-I 0 


is the symplectic metric. The Heisenberg equations of motion are 

dz^{t) 


dt 




(84) 


(85) 


( 86 ) 


It is easily checked that the formal solution to this equation is 

z\t) = U-\t,to)z\0)U{t,to), 

where ^ 

U(t, to) = T exp H{zo, t')dt' 

with T denoting time ordering. It is important to note that the i in the Hamiltonian in this 
expression is evaluated at the initial time to (^o = ^(0). This is of course only relevant because the 
Hamiltonians that we deal with have explicit time-dependence. For any dynamical variable A[t) 
that is defined as a product of the canonical variables (with some specihed ordering if it involves 
both q's and p's) there are two alternate forms (see Weinberg j^) for the solution 


A{t) = Te^-^*0 


N 


r^N-i 


Y.{i) 1 *1 / ■I 

N-0 4"/ 4ta JfB Jta 

iw), [ff(2o.tN-i)[- ■ ■ |-ff(zo,ii),.4(io)]....]]. 


(87) 


( 88 ) 


Now let us separate the Hamiltonian into a quadratic (“free”) part HAA and and an interaction 
part Hi{t). The evolution operator corresponding to the free Hamiltonian is 


Uo{t, to) = Texp ( / Hoizo, t')dt' ) . 


'io 


The interaction picture operators are defined by 

Zi{t) = UA\t,to)zoUo{t,to) 


(89) 
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and the corresponding evolution operator defined by Ui = tj^ satisfies the equation 

of motion, 





This has the formal solution 


and 


= Texp ( / Hi{zi{t'),t')dt‘ 




are replaced by (see for example 




oo / ■ \ N pt 
% 


h 


"tN-l 


I dh / 

^0 ^0 


dt 


E 

N-O 


’to 


(90) 


(91) 

(92) 


In the first equation above T is time ordering while T is anti-time ordering. All this (except 
perhaps the second form of the expressions for A) is quite familiar. What may not be so well 
known is that there is an exact classical analog of all these equations. 

The classical variables z* satisfy the Poisson bracket relations 

f) 2'^ 

{z\t),z^{t)}^r^—^=r^. (93) 

Hamilton’s equation of motion may then be written as, 


z\t) = {z\t), H{z{t)A)} = r^djH{z{t)A) = d^H{z{t),t), (94) 

where we’ve defined c?* = J^Wi, di = djdz^. This equation can be rewritten in the form of a 
commutator by introducing the Hamiltonian vector field H^{z{t),t) = d^H{z{t),t)di: 

m = [H^izit)A),z\t)] (95) 

The solution to this equation is exactly the same as (IHT)) flHHj) . except that there are no factors of 
i/h and the operator Hamiltonian is replaced by the vector field. In other words 

'-H ^ (96) 

n 

and 

rt rt\ rtN-i 

= dti ... dtM 

TV—0 

[H^{zo,tN), [H^{zo,tN-i)[. .. [H^{zo,ti),A{to)],.. .]]. (97) 
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Of course all we’ve done here is to reverse the procedure of Dirac who replaced the Poisson brackets 
of classical mechanics by —I times the commutator of the quantum operators. The point of the 
exercise is simply to show that the evolution of a quantum operator represented as an inhnite 
series in terms of commutators, has an exact analog in the classical theory. In fact up to operator 
ordering ambiguities the relation between A[t) and A(0) is exactly the same as that between their 
classical versions A{t) and A(0). This is easily seen by comparing (j88|) and (j92]). Any commutator 
term in the hrst of these is of the form 


i 

h 


[H{zoA'),zI] 




dH{zo,t’) 

9zh 


{4,z^oii)}. 


(98) 


The first equality follows from the fact that the canonical equal time commutator of two fields is a 
c-number while the second follows from the Dirac identification between equal time commutators 
and (equal time) Poisson brackets. 

On the other hand the corresponding term in fl9^ is 


[J' 


^idH{zo,t’) d 


dzi 




= 


dH{zo,t') jikdzi 


dzi, 


-r 


dzQ 


dH{zo,t'] 

dzi 


{^05 ^o}- 


(99) 


So the two expressions fl98lhl99l) are the same up to the replacement z ^ z and so verihes the 
statement above of the equality of the quantum and classical evolutions up to operator ambiguities. 

Clearly all the manipulations which led to the interaction picture will survive with the re¬ 
placement fl96|) . so for the classically evolved held we get exactly the same equations as 

i.e. 


A{t) = fe-^^o Ai{t)Te~ 


( 100 ) 


7V_0^^o 




ftN-l 


dti 


dt 


N 


'to 


[HJ{zj{t]\f),tN), [H^.. [Hj {zj{ti),ti), Aj{t)], ...]], (101) 


Vi 


with 


ziiA = {U^)-\t,to)zoU^{t,to), ( 102 ) 

U^{t,to) = Texp(^- H^{zo,t')dt'y (103) 

These arguments are trivially extended to held theory. As usual in the theory of cosmological 
huctuations, one expands the original generally covariant Lagrangian around the (time-dependent) 
inhationary background and gets a time-dependent Hamiltonian functional of the huctuations. 
Denote the latter by 


zAx, t) = 0*, i = 1 ,..., n 

= 7ii-n, i = n + l,...,2n, 


(104) 

(105) 


where 0, vr are canonically conjugate held, held momentum. The Hamiltonian vector held is 






5H[z{t),t) d 
5zAx,t) 6zAx,t) 
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With this dehnition one can take over all the classical mechanics formulae above to held theory 
just as the corresponding QM formulae can be taken over to QFT. 

To proceed further we replace the expectation values of QFT with statistical expectation values 
with some initial distribution p{(j)o) . i.e. 

< j[d4>o]p{4>o)A[4>o,t) (106) 

where the second factor in the integrand on the RHS is to be calculated using (I100|) or (I101|) . The 
point is that in both the left hand side and the right hand side of this relation one evaluates in the 
interaction picture, using (IMl) or (|^ for the LHS and (llOOp or (|77|) for the RHS. Thus one just 
has to calculate expectation values of free helds and by Wick’s theorem it is a sum of products 
of two point functions determined by the correlator < blbq >. Hence given what we have just 
established on the time evolution of classical and quantum operators, the LHS and the RHS of the 
above relation are actually equal in value when p(0) is dehned as in (H5l) . as discussed in section 
( 01 )- 

As discussed in section (jl]) with the distribution p given by flT5|) we get exactly the usual 
“quantum” calculation. What is evident from this discussion is that all that is quantum here is 
the use of Planck’s constant h in the expression for the kernel fH3l) of the distribution. One could 
equally well have started with a different initial distribution as pointed out in that section. Also 
it is clear that the possible operator ordering issues that might account for a difference in the 
quantum and classical evolution will be irrelevant in a calculation of the above expectation value 
at least if we start from an initial Gaussian distribution since the interaction picture formulation in 
either the quantum or the classical case, shows that the hnal result is given by sums of products of 
Wick contractions. The difference in the usual computations and one with some arbitrary classical 
distribution is simply obtained by the replacement of the factor h in each Wick contraction (i.e. 
two point function) by some other unit of action A. 
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